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The observed classicality of primordial perturbations, despite their quantum origin during in-
flation, calls for a mechanism for quantum-to-classical transition of these initial fluctuations. As
literature suggests a number of plausible mechanisms which try to address this issue, it is of im-
portance to seek concrete observational signatures of the various approaches in order to have a
better understanding of the early universe dynamics. Among these several approaches, it is the
spontaneous collapse dynamics of Quantum Mechanics which is most viable for leaving discrete
observational signatures as collapse mechanism inherently changes the generic quantum dynamics.
We observe in this study that the observables from the scalar sector, i.e. scalar tilt ns, running
of scalar tilt αs and running of running of scalar tilt βs, can not potentially distinguish a collapse
modified inflationary dynamics in the realm of canonical scalar field and k−inflationary scenarios.
The only distinguishable imprint of collapse mechanism lies in the observables of tensor sector in
the form of modified consistency relation and a blue-tilted tensor spectrum only when the collapse
parameter δ is non-zero and positive.
PACS numbers:
I. INTRODUCTION
The advent of precision cosmology has rendered the
paradigm of cosmic inflation [1–3] impressively success-
ful observationally as many of its non-trivial predictions,
like near scale-invariance of inflationary scalar perturba-
tions, their Gaussian and adiabatic nature and smaller
tensor perturbations than scalar, have stood the test
of time. The mechanism of cosmic inflation describes
the evolution of primordial quantum perturbations on
a gravitational background which eventually give rise
to the large scale structures (LSS) and the cosmic mi-
crowave background (CMB) anisotropies. These LSS
and the CMB anisotropies are then being probed ob-
servationally to put to test the dynamics of cosmic in-
flation. As these are classical observables (the LSS and
the CMB anisotropies) which are being probed to verify
their quantum origin, validity of such a paradigm calls
for a quantum-to-classical transition mechanism for these
primordial quantum perturbations before they seed the
observable classical structures [4].
This leads us to an equivalent problem in laboratory
systems, known as the measurement problem of Quan-
tum Mechanics. Copenhagen Interpretation of Quan-
tum Mechanics, first proposed by Niels Bohr in 1920s, is
the simplest one to deal with such a fundamental prob-
lem, which states that the process of measurement yields
the collapse of the wavefunction of otherwise superposed
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quantum states. But such an interpretation falls short in
a cosmological setup, like inflationary mechanism, where
the very process of measurement is ill-defined. To go
beyond the Copenhagen Interpretation of Quantum Me-
chanics, one can broadly classify the various existing ap-
proaches into two categories : 1. mechanisms which do
not modify the inherent dynamics of Quantum Mechan-
ics, such as decoherence [5] along with many-worlds inter-
pretation [6] and Bohmian mechanics [7], and, 2. mecha-
nisms which modify the standard dynamics of Quantum
Mechanics, such as the spontaneous collapse dynamics
[8, 9].
All these approaches to address the measurement
problem of Quantum Mechanics in laboratory systems
have been studied in the context of inflationary dynam-
ics. Hence inflationary paradigm can act as the test-
ing ground of all these approaches if each of them leaves
distinct signatures on the primordial observables. It is
known that though quantum decoherence successfully
suppresses the off-diagonal components of the reduced
density matrix, generating classical stochastic perturba-
tions from inflation, it does not leave any observable
signature which can be experimentally probed [10–14].
Besides, decoherence, by construction, does not resolve
the issue of single outcome and appeals for the many-
worlds interpretation which is again observationally non-
falsifiable. On the other hand, though Bohmian mechan-
ics are not expected to leave any imprint on observables,
but because of non-equilibrium initial conditions on the
hidden sector variables, such mechanisms leave imprints
on the CMB, explaining the low-power anomaly of CMB
at large angular scales [15]. The aim of this paper is to
quantify the observable signature of collapse dynamics
while applying it to cosmic inflation.
2As mentioned above, spontaneous collapse dynamics
tends to modify the generic quantum dynamics and hence
is most viable for leaving observational imprints both in
laboratory systems and in cosmological setup. In lit-
erature, there are mainly two approaches to incorpo-
rate collapse dynamics in inflationary mechanism. In
one approach, developed by Sudarsky and collaborators,
collapse dynamics is incorporated to generate the pri-
mordial perturbations in an otherwise homogeneous and
isotropic background [16, 17]. Such incorporation of col-
lapse dynamics in inflationary mechanism yields the stan-
dard Harrison-Zel’dovich spectrum while yielding no or
highly suppressed tensor modes, which are both in good
agreement with present observations. The second ap-
proach [18, 19] treats the primordial quantum pertur-
bations generic to the inflationary dynamics and seeks
for their quantum-to-classical transition through incor-
poration of spontaneous collapse dynamics. In this work
we will only consider this second approach. The obser-
vational consequences of applying such collapse mecha-
nism (in the realm of a specific collapse model, dubbed as
Continuous Spontaneous Localization (CSL) model [20])
to canonical single field slow-roll inflationary dynamics,
where the inflaton field has canonical kinetic term and
minimal coupling with gravity, has been studied in [21]
where it was shown that the collapse dynamics can sig-
nificantly modify the scalar and tensor spectral indices
(ns, nT ) and the consistency relation of the canonical
single-scalar field inflationary model (r = −8nT , r be-
ing the tensor-to-scalar ratio) while leaving the running
and the running of the running of scalar and tensor spec-
tral indices unaltered. Hence it was argued that accurate
measurements of both scalar and tensor tilts along with
their running and running of running can potentially dis-
tinguish this collapse-dynamics modified canonical sin-
gle field slow-roll scenario from the canonical case along
with other scenarios which tend to modify the single-
field consistency relation (such as curvaton scenario [22],
multifield scenario [23], non-Bunch Davies initial vacuum
[24]). We note that though the collapse-modified infla-
tionary dynamics has three free parameters γ˜0, α and β,
the observables of the canonical inflationary model get
modified by one parameter δ (≡ 3+α−β). As one is yet
to develop a formal field theoretic version of CSL model,
the values of the collapse parameters α and β can be
chosen phenomenologically. While 1 < α < 2 is required
to explain the classicalization of the modes, there is no
bound on β and it is expected that the parameter δ can
only be of the order of slow-roll parameters in order to
render the scenario observationally viable. Hence it is al-
ways possible that δ is identically zero (when β = 3+α)
in which case the collapse dynamics would leave no im-
print on the observables and would render this scenario
observationally identical to the generic one.
It is observed by Mukhanov and collaborators [25, 26]
that it is possible to generalise this simplest canonical
model of inflation by allowing non-canonical kinetic term
of the inflaton field. Inflation, in such scenarios, can
be driven by the non-canonical kinetic term of inflaton,
and hence named as k−inflation, which avoids the re-
quirement of the very flat inflaton potentials for slow-
roll which is often difficult to achieve in realistic mod-
els. Also, non-canonical kinetic terms of scalar field of-
ten appear in String motivated models [27, 28] which
makes this kind of realization more appealing. The main
difference between the canonical scalar field and non-
canonical k−inflation scenarios is the speed of sound cs
at which the inflationary scalar perturbations propagate
during inflation: in canonical inflation the scalar pertur-
bations travel with cs = 1 (the speed of light) while in
k-inflation they propagate with sound speed cs < 1
1.
This difference manifests itself by modifying the consis-
tency relation of the canonical single-field slow-roll model
(r = −8nT cs) which for cs = 1 reduces to the generic
canonical case.2 The tensor modes in both these scenar-
ios travel with speed of light. We will consider here such
generalised single-field inflationary scenario to apply the
CSL collapse dynamics and would investigate whether
the collapse dynamics can leave any non-trivial imprint
on observables, like scalar tilt ns, tensor tilt nT , tensor-
to-scalar ratio r, running of scalar tilt αs and running
if running of scalar tilt βs, (even in a case when δ = 0)
which can potentially distinguish the collapse-modified
inflationary dynamics from the generic case.
This article is organized as follows : In Section II we
would briefly discuss the background and perturbation
dynamics in generic k−inflation scenario. Section III
would contain brief discussion of how to implement col-
lapse dynamics in a caonical single-field slow roll infla-
tion. We will then implement the collapse mechanism in
k−inflationary scenario in Section IV and quantify the
effects of collapse on inflationary observables. We will
then discuss the observational consequences of collapse
mechanism for single-field slow-roll inflation in Section V
and then we conclude in Section VI.
II. k−INFLATION IN BRIEF
In k−inflation [25, 26] the action for the inflaton field
considered is the most general action which involves the
first derivatives of the field and can be written as
S = − 1
16πG
∫
d4x
√−gR+
∫
d4x
√−gp(X,ϕ), (1)
1 0 < cs < 1 is required to avoid instabilities and ultraluminous
propagation speed of the primordial modes
2 k−inflation also yields larger Bispectrum non-Gaussianity than
the canonical case and thus puts an upper bound on cs [29]. But
as calculating non-Gaussianity with collapse dynamics becomes
tricky due to non-linear dynamics of primordial modes, we will
not try to address the issue of non-Gaussinity here and would
defer the topic for a future study.
3where X ≡ 12gµν∂µϕ∂νϕ is the canonical kinetic term of
inflaton. We note that varying the matter Lagrangian
p(X,ϕ) with respect to the metric one gets the energy
momentum tensor of the inflaton field as
Tµν = (ε+ p)uµuν − pgµν , (2)
where the energy density is ε = 2Xp,X − p, and the
pressure is p = p(X,ϕ) which is the Lagrangian of the
scalar field. Here uµ ≡ ϕµ/(1 +X)1/2.
Considering a flat Friedmann-Robertson-Walker met-
ric as the background geometry, the above Lagrangian
yields the standard Friedmann equations and continuity
equation as
H2 =
1
3M2Pl
ε,
H˙ = − 1
M2Pl
(ε+ p),
ε˙ = −3H(ε+ p), (3)
where H is the Hubble parameter and overdot repre-
sents derivative with respect to cosmic time t and MPl ≡
(8πG)−1 is the reduced Planck mass. These equations
yield
p˙ = −3c2sH(ε+ p) + ϕ˙(p,ϕ − c2sε,ϕ), (4)
where the parameter
c2s ≡
p,X
ε,X
=
ε+ p
2Xε,X
(5)
turns out to be the ‘speed of sound’ for inflationary per-
turbations.
One of the main motivations of proposing k−inflation
was to have a possibility of implementing inflation even
when the potential of the inflaton field either tends to
zero or grows very fast, due to radiative corrections, bar-
ring slow-roll. Hence, in absence of any potential term,
one would expect the Lagrangian of k−inflation p(ϕ,X)
to vanish when X → 0. In the region X = 0 one thus
can expand the Lagrangian as
p(ϕ,X) = K(ϕ)X + L(ϕ)X2 + · · · . (6)
It is noted in [25] that when the Lagrangian is a function
of pure kinetic term X then the evolution equation tends
towards an attractor p = −ε, which then leads to a pure
exponential expansion of universe required to drive infla-
tion. But such simplification leads to a obvious problem
of graceful exit. Hence to implement slow-roll, in order
to avoid the graceful exit problem, one must have the
general case of the Lagrangian p(ϕ,X) and in the X → 0
limit one gets :
p(ϕ,X) = K(ϕ)X + L(ϕ)X2,
ε(ϕ,X) = K(ϕ)X + 3L(ϕ)X2. (7)
If both the coefficients K(ϕ) and L(ϕ) are positive, then
this Lagrangian would not lead to an inflationary solu-
tion. In a case, where K(ϕ) < 0 (dubbed as strong-
coupling region), the above solutions tend towards an in-
flationary fixed point pfixed = −εfixed which can be seen
as follows. At inflationary fixed point we have ε+ p = 0,
implying Xp,X = 0. Without any loss of generality we
can take L(ϕ) = 1, which yields the zeroth order slow-
roll quantities as Xsr =
1
2K˜(ϕsr), εsr =
1
4K˜
2(ϕsr) and
Hsr = (2
√
3MPl)
−1K˜(ϕsr). The ‘slow-roll’ conditions are
maintained as long as the departure from these zeroth
order slow-roll quantities are small, i.e. δX/Xsr ≪ 1. In
this case, where L(ϕ) = 1, it yields ∂(K˜)−1/2/∂ϕ≪ 3/2.
The Hubble slow-roll parameters can be defined in the
usual way for k−inflation scenario as
ǫ0 = − H˙
H2
, ǫn+1 =
ǫ˙n
Hǫn
. (8)
Along with the standard Hubble slow-roll parameters we
also define a series of slow-roll-like parameters related to
the parameter cs as [30]
s0 =
c˙s
Hcs
, sn+1 =
s˙n
Hsn
, (9)
and demand ǫn, sn ≪ 1 during slow-roll k−inflation.
In k−inflationary scenario ǫ0 = (3/2)(1 + p/ε), ǫ1 =
H−1 (ln(1 + p/ε))˙ and s0 = H
−1(ln(cs))˙ .
Inflationary perturbations in such a k−inflationary
scenario can be fully described in terms of two scalar per-
turbations : the inflaton fluctuations δϕ and the metric
perturbation Φ, if one considers the longitudinal gauge of
the perturbed metric. The advantage of this particular
choice of gauge is that these scalar perturbations coincide
with the gauge invariant quantities : gauge invariant in-
flaton perturbations and Bardeen potential respectively.
One can construct another gauge-invariant scalar ζ out
of δϕ and Φ as
ζ = Φ +H
δϕ
ϕ˙
, (10)
which turns out to be the same as the comoving curvature
perturbation R in this gauge. The first order action ζ
which yields the correct equation of motion of the fields
is
S =
1
2
∫
z2
[
ζ′2 + c2sζ∂i∂
iζ
]
dτd3x, (11)
where τ is the conformal time, prime denotes derivative
with respect to τ and z is defined as
z =
a
√
ε+ p
csH
=
aMPl
cs
√
2ǫ0 . (12)
We can define a canonical quantization variable v = zζ
to rewrite the action as
S =
1
2
∫ [
v′2 + c2sv∂i∂
iv +
z′′
z
v2
]
dτd3x, (13)
4which yields the equation of motion of the variable v in
momentum space as
v′′k +
(
c2sk
2 − z
′′
z
)
vk = 0, (14)
where vk is the mode function defined as
v =
∫
dk3
(2π)3
[
vk(τ)aˆke
ik·x + v∗k(τ)aˆ
†
k
e−ik·x
]
. (15)
Here [aˆk, aˆ
†
k′
] = (2π)3δ3(k − k′). We note that during
slow-roll z′′/z ∼ a′′/a ∼ 2(aH)2, and a mode k crosses
the ‘sound horizon’ (csH
−1) when k = aH/cs. Thus in
the subhorizon limit k ≫ aH/cs one can drop the poten-
tial term z′′/z and the solution of the above equation for
positive frequency mode would be
vk ∼ e
−icskτ
√
2csk
. (16)
When a mode is much beyond the ‘sound horizon’ then
the potential term z′′/z starts to dominate and yields a
solution like
vk ∼ Ckz. (17)
Matching both these solutions at the ‘sound horizon’ we
get the coefficient |Ck|2 = (2z∗2csk)−1, where asterisk
denotes the value at ‘sound horizon’ crossing. The power
spectrum of the comoving curvature perturbation at the
‘sound horizon crossing’ can be determined as
P∗R =
k3
2π2
|R∗k|2 =
k3
2π2
|ζ∗k |2 =
k3
2π2z∗2
|v∗k|2, (18)
which turns out to be
P∗R =
1
8π2
H2
ǫ0csM2Pl
(
k
kP
)ns−1
≡ As
(
k
kP
)ns−1
. (19)
Here kP is dubbed as the pivot scale and for PLANCK
observation it is chosen to be kP = 0.05 Mpc
−1. The
scale dependence of the curvature scalar spectrum is an
artefact of the slowly time varying quantities like H , cs
and ǫ0 which take different values when different modes
exit the horizon. The scalar spectral index ns is the mea-
sure of the scale dependence of scalar spectrum which
depends on the slow-roll parameters as
ns − 1 = d lnPR
d ln k
= −2ǫ0 − ǫ1 − s0. (20)
The tensor metric perturbations generated during
k−inflation evolve in the usual way, leaving the horizon
when k = aH . Hence the tensor power spectrum would
have the same form :
PT = 2
π2
H2
M2Pl
(
k
kP
)nT
≡ AT
(
k
kP
)nT
, (21)
where the tensor spectral index is
nT = −2ǫ0. (22)
As these primordial tensor perturbations cannot be di-
rectly observed at present, due to lack of technologi-
cal advances, their imprint on CMB polarization as B
modes are being measured by observations like PLANCK
and BICPE2. The quantity to be measured or con-
strained in these observations is the tensor-to-scalar ratio
r ≡ AT /As which the k−inflation scenario predicts as
r = −8csnT . (23)
We note that, the canonical slow-roll inflation predicts
the tensor-to-scalar ratio as r = −8nT , which is known
as the ‘consistency-relation’ of single-field slow-roll infla-
tion. Hence in k−inflation this consistency relation of
single-field slow roll inflation would be modified render-
ing these two scenarios observationally distinguishable.
III. CLASSICALIZATION OF PRIMORDIAL
PERTURBATIONS DURING CANONICAL
SINGLE-FIELD SLOW-ROLL INFLATIONARY
SCENARIO
In this section we will briefly review how primordial
perturbations, both scalar and tensor, become classi-
cal on superhorizon scales when their subhorizon quan-
tum dynamics are modified according to a spontaneous
collapse mechanism of quantum mechanics, known as
Continuous Spontaneous Localization (CSL) model [9].
This mechanism has been developed in previous litera-
ture [18, 19, 21] which we will brief here.
CSL model of quantum mechanics have many attrac-
tive features as a collapse model, such as it is applica-
ble to identical particles and its features help collapse of
the wavefunction take place in space. Another attractive
feature of CSL model, which makes it more appealing,
is its incorporation of amplification property, according
to which the collapse parameter γ scales as the total
mass of the system so that the localization is stronger
for larger system. The modified Schro¨dinger equation in
CSL model looks like
dψt =
[
− i
h˜
Hdt+
√
γ
m0
∫
dx(M(x) − 〈M(x)〉t)dWt(x)
− γ
2m20
∫
dx(M(x) − 〈M(x)〉t)2dt
]
ψt, (24)
where the first term on the right hand side is the stan-
dard linear term of the Schro¨dinger equation while the
next two terms are stochastic and non-linear respectively.
Here Wt(x) is the Wiener process which encodes the
stochastic nature of the evolution, M(x) is called the
smeared mass density operator and the collapse parame-
ter γ is positive and mass-proportional possessing the fea-
ture of amplification property. So far the collapse models
5of quantum mechanics are built up based on phenomeno-
logical arguments and an underlying more fundamental
theory supporting such collapse dynamics is yet to be
developed.3
As relativistic version of any collapse model of quan-
tum mechanics has not yet been developed, one has to
draw analogy from the non-relativistic mechanism of col-
lapse dynamics to implement it in quantum dynamics
of the primordial perturbations during inflation. Hence,
making analogy with the CSL equation written above, we
add the ‘CSL-like’ non-linear and stochastic terms to the
functional Schro¨dinger equation of the gauge-invariant
Mukhanov-Sasaki scalar perturbations, ζMS = δϕ+
ϕ˙
HΦ,
in momentum space as
dΨR,I
k
=
[
−iHˆR,I
k
dτ +
√
γ(
ˆ˜
ζR,IMSk − 〈
ˆ˜
ζR,IMSk〉)dWτ
−γ
2
(
ˆ˜
ζR,IMSk − 〈
ˆ˜
ζR,IMSk〉)2dτ
]
ΨR,I
k
. (25)
Here the Hamiltonian has the form of a simple harmonic
oscillator,
HˆR,I
k
= −1
2
∂2
∂(
ˆ˜
ζR,IMSk)
2
+
1
2
ω2(
ˆ˜
ζR,IMSk)
2, (26)
with a time-dependent frequency ω2(τ, k) = k2 − a′′/a,
due to the expanding background. This functional
Schro¨dinger equation has a functional Gaussian as a so-
lution :
ΨR,I
k
(τ, ζ˜R,IMSk) = |
√
Nk| exp
[
−ReΩk
2
[
ζ˜R,IMSk −
¯˜
ζR,IMSk
]2
+iσR,I
k
(τ) − iχR,I
k
(τ)ζ˜R,I
k
− iImΩk
2
(ζ˜R,IMSk)
2
]
, (27)
where
¯˜
ζR,IMSk , σ
R,I
k
(τ) and χR,I
k
(τ) are real numbers, |Nk| =
(ReΩk/π)
1/2 and Ωk satisfies the differential equation as
Ω′k = −iΩ2k + iω˜2(τ, k), (28)
with ω˜2 = ω2 − 2iγ. This parameter Ωk plays an im-
portant role in determining observables like the power
spectrum of the comoving curvature perturbations (R =
(H/ϕ˙)ζMS) :
PR = k
3
8π2ǫ0M2Pl
1
a2ReΩk
, (29)
as well as the Wigner function of the mode :
W(ζ˜RMSk , ζ˜IMSk , p˜RMSk , p˜IMSk) =
1
π2
e−ReΩk(ζ˜
R2
MS
k
+ζ˜I
2
MS
k
)
e
−
(p˜RMS
k
+ImΩkζ˜
R
MS
k
)
2
Re Ωk e
−
(p˜IMS
k
+ImΩkζ˜
I
MS
k
)
2
Re Ωk , (30)
3 Adler and collaborators have made attempts to employ Trace
dynamics, which is a classical dynamical theory of noncommuting
matrices, as a possible underlying theory of collapse dynamics
[31].
which can be used as a measure of the quantum or clas-
sical nature of the mode. We note that the Wigner func-
tion turns out to be a product of four Gaussians, two
for field amplitudes and two for its conjugate momen-
tum, where the variance of Gaussians of field amplitude
is proportional to the 1/ReΩk and that for momentum
is ReΩk. In a canonical single-field slow-roll inflation-
ary case, without any collapse dynamics, ReΩk → 0 on
superhorizon scales, making the Wigner function highly
squeezed in the momentum direction and widely spread
in the field direction. Thus, canonical inflationary sce-
nario cannot explain the issue of localization of the ini-
tial perturbations in the field variable, as has been ob-
served by several CMBR observations. Hence it is de-
sired to get ReΩk → ∞ for superhorizon modes such
that the Wigner function squeezes in the field direction
in order to explain the localization, hence classicalization,
of the primordial perturbations observed so far. Thus we
will expect the collapse modified dynamics of inflationary
perturbations to squeeze the Wigner function in the field
direction. By doing so, the Wigner function would be
stretched in the momentum direction before the sponta-
neous collapse would have taken place. Once the collapse
of the wavefunction occurs the mode would be localized
in the phase-space, but the value of the momentum of the
mode would be random as that is acquired by a sponta-
neous collapse. But, that should not raise any concern
as there is no observation in the momentum direction of
the primordial perturbations.
The squeezing of the modes, hence classicalization, de-
pends on the collapse parameter γ of the model. For
a constant collapse parameter γ, as has been first con-
sidered in [18], one cannot implement the amplification
mechanism of CSL and all the modes, longer or shorter,
would become classical with the same rate. Even though,
it was observed later in [19] that a constant γ local-
izes the mode in momentum direction, as the resultant
Winger function is squeezed in the momentum direction,
and hence fails to explain the classicalization of the pri-
mordial scalar modes. It is then proposed in [19] that
the modification of inflationary dynamics with CSL-like
modification should also incorporate the essential feature
of CSL dynamics, which is the amplification mechanism.
It is known from earlier study that the inflationary fluc-
tuations are highly quantum while they are subhorizon
and start to become more and more squeezed, and hence
classical, when they start to cross the horizon to become
superhorizon. Hence it is logical to propose that the col-
lapse of the wavefunctions of the perturbations would
take place during or after horizon-crossing and accord-
ingly the collapse parameter γ, which accounts for the
strength of the collapse, should grow with the evolution
of the modes. Therefore, a phenomenological form of the
collapse parameter is proposed in [19] as
γ =
γ0(k)
(−kτ)α (31)
where 0 < α < 2. It was shown in [19] that only when
61 < α < 2 the Wigner function squeezes in the field di-
rection explaining the localization in the field direction of
the primordial perturbations. This shows that incorpo-
rating the amplification mechanism does help explain the
desired classicalization of the primordial perturbations in
certain parameter range.
The problem of choosing such a collapse parameter is
that it would yield a scale-dependent curvature power
spectrum which is ruled out by observations. To avoid
such discrepancies with observation one can choose
γ0(k) = γ˜0
(
k
k0
)β
, (32)
where γ˜0 is a constant and k0 is the comoving wavenum-
ber of the mode which is at the horizon today k0 = a0H0.
This yields the scale dependence of the curvature power
as
PR(k) ∝ k3+α−β , (33)
where β = 3 + α would produce a scale-invariant spec-
trum satisfying the observations. The form of the curva-
ture power spectrum and scalar spectral index turns out
to be [21]
PR = 1
8π2ǫ0MPl
k20H
2
γ˜0
e−(1+α)∆N
(
kP
k0
)3+α−β (
k
kP
)ns−1
≡ As(kP)
(
k
kP
)ns−1
, (34)
with ∆N ∼ 60 and where
ns − 1 = 3 + α− β + 2η − 4ǫ0
= δ − 2ǫ0 − ǫ1, (35)
where we have used η = ǫ0 − ǫ˙0/(2Hǫ0) and ǫ1 ≡
ǫ˙0/(Hǫ0), and have defined δ ≡ 3+α−β. The parameter
δ should be at best of the order of slow-roll parameters,
if not zero, to satisfy the observations.
As the primordial tensor perturbations too are of quan-
tum origin, if they are generated during inflation, one can
implement the same collapse dynamics to tensor pertur-
bations and there is no harm in assuming that the same
collapse parameter, as in Eq. (31), helps make tensor
modes classical. As the two polarizations of the tensor
modes decouple and each of them acts like a massless
scalar, the same analysis one does for scalar perturba-
tions holds good for each polarization mode of the tensor
perturbations. In such a case the tensor power spectrum
and the tensor spectral index turn out to be
PT = 2
π2MPl
k20H
2
γ˜0
e−(1+α)∆N
(
kP
k0
)3+α−β (
k
kP
)nT
≡ AT (kP)
(
k
kP
)nT
, (36)
where
nT = δ − 2ǫ0. (37)
We note that due to collapse dynamics both the scalar
and tensor spectral indices are modified by the term δ.
If β is not exactly equal to 3 + α, which is fair enough
to assume, then δ is non-zero but a constant. Hence,
though the spectral indices are modified, the running of
the indices would remain unaffected by the collapse dy-
namics. The consistency relation of canonical single-field
slow-roll inflation model does get modified due to pres-
ence of collapse dynamics as
r = 16ǫ0 = −8nT + 8δ. (38)
IV. CLASSICALIZATION OF PRIMORDIAL
PERTURBATIONS DURING k−INFLATIONARY
SCENARIO
In this section we would investigate how CSL-like col-
lapse dynamics makes primordial perturbations classical
and modifies the observables in k−inflationary scenario.
We note that the only difference between the scalar dy-
namics of slow-roll inflation and k−inflation is that the
scalar perturbations travel with different speeds in these
two scenarios : while the perturbations in slow-roll infla-
tion travel with the speed of light (cs = 1), the pertur-
bations in k−inflation travel with a speed different from
speed of light (cs 6= 1). Thus the Schro¨dinger picture
analysis of k−inflationary scenario would be the same as
slow-roll inflation, i.e., the variable v would follow the
same functional Schro¨dinger equation with a modifica-
tion in the frequency as
ω2 = c2sk
2 − a
′′
a
. (39)
Now, to modify the k−inflationary scenario with
CSL-like collapse dynamics, one can write the modified
Schro¨dinger picture in a similar fashion (as in Eq. (25))
as
dΨR,I
k
=
[
−iHˆR,I
k
dτ +
√
γ(vˆR,I
k
− 〈vˆR,I
k
〉)dWτ
−γ
2
(vˆR,I
k
− 〈vˆR,I
k
〉)2dτ
]
ΨR,I
k
(40)
where the wavefuctional Ψ is
Ψ[v(τ)] =
∑
k
ΨRk [v
R
k (τ)]Ψ
I
k[v
I
k(τ)], (41)
and the Hamiltonian HˆR,I
k
is
HˆR,I
k
= −1
2
∂2
∂(vˆR,I
k
)2
+
1
2
ω2(vˆR,I
k
)2, (42)
with a frequency ω as given in Eq. (39). The equation of
motion of vk then would be
v′′k − ω˜2vk = 0, (43)
with ω˜2 ≡ ω2 − 2iγ = c2sk2 − a′′/a − 2iγ. Now, as in
the case of slow-roll inflation, we have to phenomenolog-
ically choose a form of the collapse parameter γ in order
7to incorporate the amplification mechanism of CSL dy-
namics. We have earlier noted that the scalar modes in
k−inflationary model travel with a speed cs and crosses
the sound horizon when k = aH/cs. Thus following simi-
lar logic, as given before Eq. (31), we propose the form of
the collapse parameter for scalar modes generated during
k−inflation as
γ =
γ0(k)
(−cskτ)α , (44)
where 0 < α < 1. Then following the same analysis done
in [19] we found that
ReΩk =
k
2
(−kτ)1−α
(
2γ0(k)
cαs k
2
)
. (45)
This shows that for the parameter range 1 < α < 2
the scalar modes in k−inflation becomes classical upon
crossing the sound horizon during inflation. As ReΩk =
1/(2|vk|2), then the comoving curvature power spectrum
on superhorizon scales in k−inflationary scenario, follow-
ing Eq. (18), would be
PR = k
3
2π2z2
|vk|2 = k
3
4π2z2ReΩk
, (46)
where z is as given in Eq. (12). This yields, using a =
−1/(Hτ), the power spectrum as
PR = k
2cα+2s H
2
8π2ǫ0M2Plγ0(k)
(−kτ)1+α, (47)
which is dependent on both time τ and scale k. This
unusual feature of dependence on time and scale of the
power spectrum, due to introduction of the collapse dy-
namics, has also been observed previously in [18, 19]. To
get rid of the time dependence of the power spectrum, it
was suggested in [18] to evaluate it at the end of inflation.
To do so, we note that
−kτ = k
k0
e−∆N , (48)
where k0 is the comoving wavenumber of the mode which
is at the horizon today (k0 = a0H0) and for observable
modes ∆N ∼ 50 − 60. Along with this we use the form
of γ0(k) as given in Eq. (32), in order to obtain a scale-
invariant power spectrum. Hence we obtain the form of
the comoving curvature power spectrum at the end of
inflation as
PR = k
2
0c
α+2
s H
2
8π2ǫ0M2Plγ˜0
(
k
k0
)3+α−β
e−(1+α)∆N , (49)
which yields a scale-independent spectrum when β ∼
3 + α. It is then straightforward to determine the scalar
spectral index as
ns − 1 = δ − 2ǫ0 − ǫ1 + (α+ 2)s0, (50)
where δ ≡ 3+α−β. Thus the comoving curvature power
spectrum can be written in a more formal way as
PR = As(kP)
(
k
kP
)ns−1
, (51)
where kP is the pivot scale and the amplitude of the scalar
spectrum As is
As(kP) =
k20c
α+2
s H
2
8π2ǫ0M2Plγ˜0
(
kP
k0
)3+α−β
e−(1+α)∆N . (52)
On the other hand, the tensor perturbation analysis in
k−inflation would just be the same as in slow-roll infla-
tion as the tensor modes in k−inflationary scenario trav-
els with a speed of light as in slow-roll inflation. Hence,
while applying the CSL-like collapse dynamics to ten-
sor modes in k−inflation we can use the form of γ given
in Eq. (31) and that would yield the same tensor power
spectrum and tensor spectral index as given in Eq. (36)
and Eq. (37) respectively. This would yield the tensor-
to-scalar ratio as
r = 16ǫ0c
−(α+2)
s = −8(nT − δ)c−(α+2)s . (53)
It shows that the collapse dynamics yields a distinct con-
sistency relation for k−inflation.
V. DISCUSSION
Let us now compare how collapse dynamics change
the inflationary observables for both canonical slow-roll
and k−inflation scenario. First we consider the canoni-
cal slow-roll scenario. The observables like scalar spec-
tral index ns − 1 = −2ǫ0 − ǫ1, the tensor spectral index
nT = −2ǫ0 and the tensor-to-scalar ratio (along with the
consistency relation) r = 16ǫ0(= −8nT ) in the canoni-
cal scenario (without collapse) gets modified as ns − 1 =
δ − 2ǫ0 − ǫ1, nT = δ − 2ǫ0 and r = 16ǫ0(= −8nT + 8δ)
respectively due to incorporating CSL-like collapse dy-
namics. Here the parameter δ ≡ 3 + α− β is a constant,
as both the parameters α and β which appear in the form
of collapse parameter γ are constant, and at best can be
of the order of slow-roll parameters to be in accordance
with observations. It is more reasonable to consider that
the parameter β does not exactly equal to 3 + α lead-
ing to a non-zero δ and hence modifying the observables
due to collapse dynamics. But, in principle one can have
β = 3+α in which case the collapse dynamics leaves the
observables of canonical slow-roll inflation untouched. It
is also important to note that as δ is a constant it leaves
the running (αs ≡ dns/d ln k) and the running of the
running (βs ≡ dαs/d ln k) of the scalar spectral index
unaltered by the collapse dynamics even when δ is non-
zero.
Now let us look at the k−inflationary scenario. The
observables in generic k−inflation case like ns − 1 =
−2ǫ0 − ǫ1 − s0, nT = −2ǫ0 and r = 16ǫ0cs(= −8nT cs)
8get modified due to collapse dynamics as ns − 1 =
δ − 2ǫ0 − ǫ1 + (2 + α)s0, nT = δ − 2ǫ0 and r =
16ǫ0c
−(2+α)
s
(
= −8(nT − δ)c−(2+α)s
)
respectively. We
note that the main difference between applying collapse
dynamics to canonical slow-roll and k−inflation scenario
is that even if δ = 0 the observables related to scalar
perturbations, like ns and r, get modified due to col-
lapse dynamics as non-zero α is required to achieve the
classicalization of the perturbations. Even more, unlike
the canonical slow-roll inflation scenario, collapse dynam-
ics significantly modify the running and running of the
running of scalar spectral indices, as we see now. For
k−inflation without collapse the running and the run-
ning of the running of the spectral indices are
αs = −2ǫ0ǫ1 − ǫ1ǫ2 − s0s1,
βs = −2ǫ0ǫ1(ǫ1 + ǫ2)− ǫ1ǫ2(ǫ2 + ǫ3)− s0s1(s1 + s2),
(54)
respectively, whereas with the collapse dynamics we get
αs = −2ǫ0ǫ1 − ǫ1ǫ2 + (2 + α)s0s1,
βs = −2ǫ0ǫ1(ǫ1 + ǫ2)− ǫ1ǫ2(ǫ2 + ǫ3)
+(2 + α)s0s1(s1 + s2). (55)
Hence the observables related to the scalar sector of
k−inflation scenario carry a distinct signature of the col-
lapse dynamics which differ from the generic case.
The current observations like PLANCK and BICEP2
put constraints on the observables discussed above.
PLANCK has put tight constraint on ns and αs as
ns = 0.9645± 0.0049
(68%CL,PLANCKTT, TE, EE + lowP),
αs = −0.0057± 0.00071
(68%CL,PLANCKTT, TE, EE + lowP),(56)
which shows that the data prefers a negative running of
the scalar spectral index. But when running of the run-
ning of scalar spectral index is allowed to float the recent
PLANCK data put constraint on ns, αs and βs as
ns = 0.9569± 0.0077,
αs = 0.011
+0.014
−0.013,
βs = 0.029
+0.015
−0.016, (57)
at the pivot scale kP = 0.05 Mpc
−1 at 68% CL
(PLANCKTT,TE,EE+lowP)[29]. Allowing for running
of the running of scalar spectral index improves the fit
of the temperature spectrum at low multipoles. This in-
dicates that the scalar power spectrum is blue-tilted and
favours a positive running and presence of a running of
the running at 2σ level along with βs > αs. This obser-
vation is also supported by other independent analysis
like [32]. Though the generic inflationary models predict
negative αs and βs, it is observed in recent studies that
effects of entropy perturbations in multifield scenario [30]
and some specific model in warm inflationary scenarios
[33] can yield positive αs and βs. On the other hand,
the most stringent bound on r comes from combining
the data of BICEP2/Keck Array and PLANCK collabo-
ration (a.k.a. BKP) which yields [29]
r < 0.08, (58)
at the pivot scale kP = 0.002 Mpc
−1 at 95% CL. Though
PLANCK collaboration do not put any bound on the ten-
sor tilt nT , an independent study [34] on PLANCK+BKP
data suggests that the data prefers for a positive tensor
tilt
nT = 1.7
+2.2
−2.0 PLANCK+ BKP, 95%CL. (59)
Indication of a blue spectrum for primordial tensor modes
in the present or future data are also supported by
other studies [35, 36]. But it is difficult to realise a
blue-tilted tensor spectrum in the realm of canonical or
k−inflationary single field models [37]. Future observa-
tions like COrE [34] can yield better resolution in quan-
tifying the tensor-tilt.
A. Increasing sound speed parametrization
To quantify the observables in CSL-modified
k−inflationary scenario let us parametrize the slow-roll
parameters in terms of e-foldings N , as has been
suggested by Mukhanov in [38] :
ǫ0 =
ǫ˜0
(N + 1)p
, (60)
cs =
c˜s
(N + 1)q
, (61)
where ǫ˜0 and c˜s are the values of the respective parame-
ters at the end of inflation which both can be considered
as O(1), p and q are both positive and of order unity. We
count the number of e-foldings in a reverse order setting
N = 0 for the end of inflation and thus dN = ln a. Thus
in this paramterization the speed of sound increases with
time during inflation. This parametrization yields the
other required slow-roll parameters as
ǫ1 =
p
(N + 1)
, ǫ2 = ǫ3 =
1
(N + 1)
,
s0 =
q
(N + 1)
, s1 = s2 =
1
(N + 1)
. (62)
9One can now write the observables as functions of e-
foldings as
ns − 1 = δ − 2ǫ˜0
(N + 1)p
+
(α+ 2)q − p
N + 1
,
r =
16ǫ˜0c˜
−(α+2)
s
(N + 1)p−(α+2)q
,
αs = − 2ǫ˜0p
(N + 1)p+1
+
(α+ 2)q − p
(N + 1)2
,
βs = −2ǫ˜0p(p+ 1)
(N + 1)p+2
+
2(α+ 2)q − 2p
(N + 1)3
,
nT = δ − 2ǫ˜0
(N + 1)p
. (63)
It is well-known that ns − 1 ∼ −2/(N + 1) matches the
recent PLANCK observations well. Hence to quantify the
parameters of the theory let us consider the case where
δ = 0.
• First we consider p = 1. If we consider ǫ˜0 ∼ c˜s ∼ 1
then (α+2)q ∼ 1 yields scalar spectral index in ac-
cord with observations. But this yields r ∼ O(10)
for any N which is already ruled out by observa-
tions.
• If p > 1 then p−(α+2)q ∼ 2 would yield the correct
scalar spectral index. This would again yield r ∼
16/(N + 1)2 which for N ∼ 60 gives r ∼ O(10−3)
and, both αs (O(10−4)) and βs (O(10−5)) to be
negative.
– For q = 1 and p > 1 we require α = p − 4 to
obtain the observed ns which gives 5 < p < 6
to have 1 < α < 2.
Now let us consider a more general case when δ 6= 0.
• First we consider the case with p = 1. This yields
the observed ns when p−(α+2)q ∼ δ(N+1). Con-
sidering ǫ˜0 = c˜s = 1 we see that r ∼ 16/N δ(N+1),
which means that δ(N+1) > 1.3 to obtain r < 0.08.
This would yield negative αs and βs.
• If p > 1 then the observed ns is obtained if p −
(α + 2)q = δ(N + 1) + 2 and would satisfy the
upper bound on r if δ > −0.01. Hence there is a
scope of δ being negative though very small. In
such a case the running at leading order would be
αs ∼ −(δ(N+1)+2)/(N+1)2. If δ is positive then
the running would be negative. But if δ is negative
then also it produces negative αs for δ > −0.01.
For the tensor-tilt nT , if δ = 0 then we get nT ∼ −10−4
for p = 2. Thus a positive δ > 10−4 can yield a blue-tilted
tensor spectrum which differs from the generic case.
Thus we infer from this observation that the collapse
dynamics only leaves its imprint in the form of modify-
ing consistency relation and a blue-tilted tensor spectrum
when δ > 0. Hence unless the consistency relation of
slow-roll inflationary era is observationally verified and
a tensor-tilt is measured, it would be hard to distin-
guish the collapse modified inflationary dynamics from
its generic scenario.
B. Decreasing sound speed parametrization
Mukhanov’s prescription of parametrizing slow-roll pa-
rameters [38] describes a situation where the speed of
sound increases during inflation. It is observed in [39]
that it is also possible to have the varying sound speed
decreasing during inflation which will leave distinct fea-
tures in primordial non-Gaussianity. Motivated by this
idea we propose a parametrization for a decreasing speed
of sound during inflation as
cs = c˜s(N + 1)
q, (64)
where q > 0 and c˜s is the speed of sound at the end of
inflation (N = 0) and is much smaller than unity. We
consider the speed of sound at the begining of 60 e-folds
of the order of 1 (cs(N = 60) . 1). Thus for q = 1 we
have c˜s ∼ O(10−2). This kind of parametrization would
yield the slow-roll parameters related to the sound speed
as
s0 = − q
N + 1
, s1 = s2 =
1
N + 1
. (65)
One can then obtain the observables as
ns − 1 = δ − 2ǫ˜0
(N + 1)p
− p+ q(α+ 2)
(N + 1)
,
r =
16ǫ˜0c
−(α+2)
s
(N + 1)p
,
αs = − 2ǫ˜0p
(N + 1)p+1
− p+ q(α+ 2)
(N + 1)2
,
βs = −2ǫ˜0p(p+ 1)
(N + 1)p+2
− 2p+ 2q(α+ 2)
(N + 1)3
. (66)
First we consider the bound on tensor-to-scalar ratio. As
per the parametrization ǫ˜o ∼ cs(N = 60) ∼ 1, we must
have p > 1.3 to satisfy the observational upper bound on
r. Hence we will consider only the case when p > 1.
• If δ = 0, then p + q(α + 2) ∼ 2 would yield the
observed ns. But in such a situation one will have
αs and βs to be negative.
• If δ 6= 0, then p + q(α + 2) = δ(N + 1) + 2 would
yield the observed ns. In such a case we have αs ∼
−δ/(N + 1) and βs ∼ −2δ/(N + 1)2 at leading
order. But to have αs to be positive one requires
δ(< −0.03) and to keep q > 0 one requires δ >
−0.01. Hence it is not possible to get positive αs
and βs even in this paramterization.
It is now trivial to comment that in such paramtriza-
tion also we can get a blue-tilted tensor spectrum for
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positive δ. Hence only blue-tilted tensor-tilt and modi-
fied consistency relation for a non-zero positive δ carry
the signature of collapse.
VI. CONCLUSIONS
The issue of quantum-to-classical transition of primor-
dial quantum perturbations generated during inflation
still needs attention as, despite having several alterna-
tives to address the issue, like quantum Decoherence,
Bohmian mechanics and spontaneous collapse mecha-
nism, it has not yet been possible to converge on the
mechanism which might have played role in the early
universe. To do so, one must look for concrete obser-
vational signatures of the alternatives available in the
literature. Among them, the spontaneous collapse mech-
anism is most viable for leaving distinct observational
features as such mechanisms inherently change the stan-
dard quantum dynamics, unlike quantum Decoherence
and Bohmian mechanics.
Among the inflationary observables, the scalar spec-
tral index ns is the one which has been very accurately
measured by current PLANCK observations, ruling out
the perfect scale-invariant Harrison-Zel’dovich spectrum
at 5σ level. The PLANCK data yields the running of
the spectral index αs to be a negative quantity, while
allowing for the running of the running βs to float the
data prefers positive αs and βs along with larger βs than
αs. Such discrepancy might get resolved by more accu-
rate measurements of these parameters by future obser-
vations, like PRISM [40, 41]. As the direct detection of
CMB B−modes has not yet been made possible, the com-
bined data of PLANCK and BICEP put an upper bound
on the tensor-to-scalar ratio r < 0.08. Also verification
of the consistency relation of canonical slow-roll single-
field model, which requires independent measurement of
r and the tensor tilt nT , awaits for the direct detection
of the CMB B−modes [34, 42]. A few studies show that
the present data prefers a positive nT i.e. a blue-tilted
primordial tensor spectrum [34–36].
With this present status of the observational data we
look for observational signatures of the collapse modi-
fied single-field inflationary model. Previously the obser-
vational signature of the canonical single-field slow-roll
inflationary scenario has been studied in [21] where it
was shown that the collapse parameter δ modifies ns and
nT along with modifying the consistency relation of the
single-field scenario (r = −8nT+8δ). It is also noted that
δ being a constant would not affect the running and the
running of the running of the scalar and tensor tilts. But
as δ ≡ 3+α−β can in principle be zero when β = 3+α,
such a case will leave the collapse modified dynamics in-
distinguishable from the generic case. Hence the collapse
modified dynamics is only observationally distinguishable
when δ is non-zero and modifies the consistency relation
of the single-field model. Thus verification of the role
played by collapse dynamics in the early universe calls
for observationally verifying the consistency relation of
single-field inflationary models.
In this work we have considered the generalised single-
field slow-roll inflation scenario by allowing for non-
canonical kinetic term of the inflaton field, known as
k−inflation. The scenario has been analyzed here by
modifying the inflationary mechanism through collapse
dynamics. Such an analysis renders more varied obser-
vational signatures of collapse dynamics as it modifies
αs and βs along with ns, nT and the consistency rela-
tion of generic k−inflation model. As ns, r, αs and βs
depend on the collapse parameter α (which is non-zero
to explain the observed classicality of the modes), apart
from δ, thus in principle this collapse modified dynamics
is distinguishable from the generic case even when δ is
identically zero.
To quantify the observational signature of collapse dy-
namics in primordial observables, we employ two dif-
ferent parametrizations of slow-roll parameters. The
one proposed by Mukhanov in [38] depicts a scenario
where the sound speed increases with time during infla-
tion. Along with that we propose another parametriza-
tion of the slow-roll parameters in Eq. (64), motivated
by an earlier study [39], where sound speed decreases
during the course of inflation. Both these parametriza-
tions would render the generic and collapse modified in-
flationary dynamics (both canonical and k-inflation) in-
distinguishable by predicting the same values of all the
observables from the scalar sector for both δ = 0 and
δ 6= 0 cases. We note that when δ is non-zero and
positive δ > O(10−4) − O(10−2), the collapse dynamics
yields a blue-tilted tensor spectrum for both canonical
and k−inflation scenario, where generically one gets a
red-tilted tensor spectrum. Hence one can only distin-
guish collapse modified dynamics from the generic case
if the consistency relation is observationally verified and
the tensor tilt is measured iff δ is non-zero.
We conclude this discussion by stressing the point that
the collapse mechanism in primordial observables is only
observationally distinguishable if δ 6= 0. If future study
succeeds in yielding a relativistic framework for collapse
mechanism and proposes δ to be identically zero, then we
infer that it will not leave any observational signature for
single-field inflationary models, though it can potentially
turn the primordial quantum perturbations classical. A
non-zero δ would leave its imprint in the consistency re-
lation of single-field models and observationally verifying
this relation would confirm or rule out spontaneous col-
lapse mechanisms during inflation. A blue-tilted tensor
spectrum can potentially hint towards the role of collapse
mechanism in the early universe as it is non-trivial to ob-
tain a blue-tilted tensor spectrum in generic canonical or
non-canonical scenarios of single-field models [37].
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